Abstract. Continuing our study of global conformal invariants for Riemannian manifolds, we nd new classes of such invariants corresponding to boundary value problems and to Lefschetz xed point theorems. We also study the eta invariant, functional determinants, and analytic continuation to metrics of inde nite signature. In particular, we nd global invariants of CR manifolds coming from bundles which support Lorentz metrics.
Introduction
Given a geometric structure on a manifold M, one may attempt to study the topology and geometry of M via the global behavior of solutions to naturally associated partial di erential equations. Often the functional analytic constructs in this situation will reveal deep facts about M, locally as well as globally. A standard example is that of the Laplace operator on di erential forms in a compact, Riemannian, m-dimensional, smooth manifold (M; g) without boundary: here asymptotically, where the coe cients a i are integrals of local invariants (polynomials in the derivatives of the metric tensor and its inverse). We have in earlier work B 1, B 2] studied heat semigroups and analogues of (0.1) with replaced by partial di erential operators D canonically associated with the conformal structure on M. In particular, we found that for these operators, the term a m=2 (m even) is a conformal invariant; that is, it is unchanged when the metric g is replaced by 2 g for a smooth positive function. These numbers are conformal indices, the conformal analogues of the topological indices produced by, for example, the de Rham complex. The proof involved a rather delicate analysis of perturbations of pseudo-di erential operators, but was otherwise very natural and suggestive of generalizations. Since quantities of this type (trace and conformal anomalies, functional determinants, spectral asymmetry invariants) have become important in connection with string theories (see, e.g., A]), it seems an opportune time to justify mathematically the frequent switching of the order of limit operations implicit in much of the literature, and Typeset by A M S-T E X to set up a framework general enough to tell us when we might expect such invariants to appear.
In this paper we use the techniques of B 1, B 2] to nd new classes of conformal invariants, and to calculate the conformal variations of non-invariant quantities, both for Riemannian and for pseudo-Riemannian manifolds. We begin by nding the conformal variations of Lefschetz xed point formulas (Sec. 1); this gives information on the conformal geometry of xed point sets of isometries of M. Then we consider expansions like (0.1) corresponding to certain elliptic boundary value problems (Sec. 2), and identify a conformal invariant coming from an integral over the boundary, plus (in even dimensions) an integral over the interior of M. We calculate the conformal variations of the functional determinant and the eta invariant, and show that either (1) these quantities are conformally invariant (for example, in odd dimensions in the case of the functional determinant of a conformal operator with no zero spectrum), or (2) some (local) constant curvature condition is necessary and su cient for a given metric to be critical under volume-preserving conformal changes (Sec. 3). Thus we get conformal analogues of topological results on the analytic torsion and spectral asymmetry. Finally, we develop further the ideas in B 2]
on the transition from Riemannian conformal invariants to Lorentz conformal and CR invariants (Sec. 4), and prove that each conformal operator D produces an in nite sequence of conservation laws for conformal ows via its heat operator invariants (Sec. 5).
One of the long-term goals of this variational and invariant theory is to understand the \moduli space" M of equivalence classes of Riemannian metrics on a given M, where two metrics are considered to be equivalent if a di eomorphism takes one to a conformal multiple of the other. This problem is complementary to that of understanding the conformal group of a manifold, the intersection of our two \gauge groups" of conformal changes and di eomorphisms. The spectrum of any natural di erential operator is invariant under diffeomorphism, but not under conformal change, even if the operator has the nicest possible conformal properties. Our program may be viewed as an attempt to isolate those aspects of the spectrum which do not change, or change in a simple, predictable, \local" way when the metric is changed conformally. The unchanged quantities will be \coordinates" on M, while the conformal critical metrics for the changeable quantities might provide convenient representatives for some or all conformal classes. As a general remark on the techniques of this paper, we note that their applicability is not necessarily restricted to problems in conformal or CR geometry, though these are our main applications. To see this, consider a smooth one-parameter family D = D(u) of elliptic di erential operators on a smooth Hermitian vector bundle over a compact manifold with a given smooth density. Suppose that where a and b are constants, and ! is multiplication by a smooth function somehow associated to the variation. (0.2) holds in particular for conformally covariant operators in Riemannian manifolds (see (1.1)), but it is the only formal assumption that really enters the invariance proofs. Thus our results are valid in some form for other variation schemes which satisfy (0.2), with possible applications to the geometry of more general G-structures on manifolds. One can also add a zeroth-order operator on the right in (0.2) (see Remarks 1.25 and 3.11 below), and relax or change the assumptions on D (from elliptic to, say, hyperbolic or sub-elliptic; see Sec. 4 below); on M (from compact to, say, complete with nite volume; see Sec. 5.b below); and on ! (which could be, say, just a nite-order pseudodi erential operator). As pointed out in B 1, Sec. 4.e], one then comes into contact with the Lax pair idea.
We have added a section on further results and problems to outline more applications and possible directions for future research. The main results of the present paper are Theorem 1.15 on xed point formula invariants, Theorem 2.4 on boundary value invariants, Theorem 3.6 on functional determinants, Theorem 3.18 on the eta invariant, and Theorem 5.4 on conservation laws.
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Lefschetz fixed-point formulas
Let M be a smooth, compact, m-dimensional manifold without boundary, equipped with a Riemannian metric g. We shall always denote the smooth, positive Riemannian measure by dvol; when M is orientable, we shall denote a choice of Riemannian volume form by E. When M has spin structure, we shall denote the fundamental tensor-spinor (spin representation) by . Recall that, among the many di erential operators on tensorspinor bundles that can be built naturally from g (and possibly E and/or ) are some which really only depend on the conformal class of g B1, B2, W u] . These operators are conformally covariant in the following sense: if one makes a conformal change of metric, g = 2 g with > 0 a smooth function (and the compatible changes E = n E ; = ?1 if applicable), the new operator D is given by
for some a; b 2 R, when a is to be interpreted as a multiplication operator.
In this section, we shall work with three kinds of assumptions on our tensor-spinor di erential operators D:
1.2. Naturality assumptions. D is built in a universal way from g; (g; E); (g; ), or (g; E; ) in a G-invariant manner, where G is the structure group of the bundle involved (O(m), SO(m), Pin(m), or Spin(m)). This has very strong implications, rooted in Weyl's invariant theory Wey], for the form of the symbol of D ABP, DP]. 1.3. Analytic assumptions. D is always formally self-adjoint, with positive de nite leading symbol. In particular, D is elliptic, has even order 2`> 0, and has discrete real eigenvalue spectrum bounded below: 0 1 : : : " +1. For a one-parameter group of conformal factors = e u! , where u is a real parameter and ! a xed smooth function, we would like to study our di erential operator and its spectrum as functions of u. In the following we omit the bar and write D = D(u), etc.
The u-derivative at u = 0 will be denoted by a dot. In particular, U m=2 is a conformal invariant for even m: When clear from the context, we shall sometimes omit the integration variable, dvol, or the domain of integration in integrals as above. \Tr" will always denote the L 2 trace, and \tr" will denote the berwise trace. Now we wish to generalize the above results to encompass the action of a smooth transformation ' : M ! M; that is, we shall compute Tr ' exp(?tD) and its conformal variation, where ' is the canonical pullback of ' on our tensor-spinor bundle V . (If spinors are involved, ' must be a conformal transformation for ' to be well-de ned Ko, Hi, ] 
Here the V ij are homogeneous invariants of the normal bundles of the N j . The V ij depend, in a universal way, only on the dimensions n j and m, and on nite jets of ' and the symbol of D:
We have not been speci c about the meaning of \homogeneous" above because our main concern is with natural (in the sense of (1.2)) D. for xed k. By the naturality of the V ij , the e ects of the di erent N j can be separated:
Since A is constant, the e ects of di erent x 2 N j can be separated:
V ij = A ?2i V ij ; using dvol j = A n j dvol j . Our goal in this section is to prove an in nitesimal analogue of (1.14), replacing A by a smooth, positive function, in the case where D is conformally covariant:
1.15 Theorem. Let D be as in (1.2), (1.3), and let ' be an isometry of M with xed-point set as in (1.12). Consider an in nitesimal conformal factor ! 2 C 1 (M) with
Then the analogue of (1.9) holds for the corresponding variation of (1.13):
( (The isometric condition is, of course, ' g = g, and, if orientation and/or spin structure is involved, ' E = E; ' = :) Indeed, since ' ! = !, ' is an isometry for all the metrics in our conformal family, so ' commutes with _ D. In addition, ' commutes with multiplication by !. Thus it is easy to follow the proof of the Ray-Singer formula (1.9) to get (1.17). Now suppose that D is conformally covariant. Then we have the in nitesimal form of (1.1), _ D = aD! ?b!D. Thus as in B 1], the in nitely smoothing character of exp (?tD) justi es the following use of the trace identities:
Applying the last remark in Gi6, Sec. 1.8] to the zeroth order di erential operator !, we
It is easy to justify term-by-term t-di erentiation of (1.23) (the t-derivative has an asymptotic expansion a priori, applying the remark from Gi6] just cited to the di erential operator D instead of the multiplication operator !, and term-by-term integration is justi ed). Finally, we are also justi ed in di erentiating (1.13) term by term in u, since the qualitative forms of the error estimates (1.21), and those corresponding to the asymptotic expansion of (1.19) as
remain the same after di erentiation with respect to u.
Here we worked only with one component of the xed point set. Combining the contributions from all the components, we get
comparing terms,
follows for each xed k, since by (1.4), a ? b = ?2`.
To separate the e ects of the various N j on (1.24), we need to cut o the conformal factor ! in a '-invariant manner. Pick " > 0 so that the Riemannian distance-squared between di erent N j always exceeds ", and let be a nonnegative function in C 1 (R) which is 1 on (?1; "=4) and 0 on ("=2; +1). Put ! j (x) = (dist 2 (x; N j ))!(x) : Since ' is an isometry and N j consists of xed points, ' ! j = ! j . The ! j conformal variation produces the same ( R N j V ij ) as the ! variation, but produces zero for ( R N j 0 V ij 0 ); j 0 6 = j, since the V ij 0 are locally determined. On the other hand, the ! j variation produces (n j ? 2i) R N j !V ij on the right side in (1.24), so we get (1.18). 1.26 Remark. DP] gives the V ij for i = 0; 1 in some special cases. For N j a surface, our conformal invariant R N j V 1;j dvol j is not just the Euler characteristic, but a more re ned invariant, involving curvature in the normal directions.
Boundary value problems
In many important applications, one is given an elliptic operator D together with prescribed boundary conditions B. We shall adopt the notion of (strong) ellipticity used in In the following, we would like to look at conformally covariant boundary value problems as in De nitions 2.1 and 2.2, follow the analysis of the asymptotics of the heat semigroup carried out in S2, S3, Gr1, Gr2, Gi6] , and apply the conformal variation techniques of B 1]. We shall omit arguments that are formally the same as those made in B 1] and in Sec. 1 of the present paper, noting only that the construction of parametrices can be made uniform in the deformation parameter u, and that the same holds for u-derivatives. . These can be extended to the group CG = R + G by the choice of a conformal weight w 2 R : w (s; h) = s w (h) for s 2 R + ; h 2 G. The resulting CG-bundle will be called F w ; the F w for various w are naturally G-isomorphic (and the isomorphisms transmit such structures as Hermitian forms and natural di erential operators), but are di erent, in general, as CG-bundles. All quantities in (2.6) are additive with respect to direct sums of bundles, so we may assume that V is a G-irreducible tensor-spinor bundle. As such it carries a de nite conformal weight w. By changing w, we can arrange for ( 1.4) The V j come from an asymptotic expansion good near the boundary, and involve an integration over a radial parameter. To get V j ! exp(?tD B )] = !V j exp(?tD B )], that is, to avoid introducing further invariants based on a Taylor expansion of ! in the radial direction, it is enough to have ! radially stationary. (In fact, for given j, it is enough to have a j-dependent nite number of radial derivatives vanish. The situation is much like that of S3, last remark of Sec. 2], where care is taken to choose a radially stationary cuto function.) We now get from (2.8) to (2.6) just as in the boundariless case.
2.9 Remark. We call the numbers in (2.7) conformal indices of (M; @M; g). As results in the spectral theory of di erential operators, (2.6) and (2.7) give indirect information on how the eigenvalues k of (D; B) change with the conformal parameter u, since Tr exp(?tD B ) = P e ?t k . (See also B 1, Sec. 4 .e] and Sec. 5.a of the present paper.)
The condition that D and B be partial di erential operators can undoubtedly be relaxed to include, for example, the problem on the m-ball B m mentioned at the beginning of this section.
In this section, we rst return to the setting and notation of Sec. 1; in particular, we consider manifolds without boundary to de ne the zeta and eta functions. These are commonly employed in the functional calculus of elliptic operators, and they were a key tool in other studies of anomalies (see, e.g., DK, PR, R]). Invariance arguments in the literature which involve the zeta and eta functions usually contain a step in which the operations of u-di erentiation and analytic continuation are implicitly interchanged. The proper justi cation of this step is not just a matter of uniqueness of the analytic continuation, but inexorably leads to the hard-analytic estimation problems treated in B 1, Sec. 3] . This is noted in APS, Sec. 2], where it is pointed out that such problems can be approached using a modi ed, parameter-dependent version of Seeley's estimates for the zeta function S1].
Let D be as in ( 1.3) In what follows, we shall sometimes suppress the dependence of (s) on the conformal parameter u. We denote the (complex) s-derivative by a prime. Proof. First we assume that D has positive spectrum. To calculate 0 (s) , which is meromorphic by Proposition 3.4, we rst take Re s large: The extra term in the formula for 0 (0) is a \secondary" invariant which bears roughly the same relation to R ( !)U (m?2)=2 as 0 (0) does to R U m=2 .
3.13 Remark. If, as in Remark 1.25, we let D = P q be a positive integral power of a conformally covariant operator P, and we suppose that D satis es the analytic assumptions (1.3), we still have the crucial identity (3.8) (see B 2, proof of Theorem 5.1], and thus the conclusion of Theorem 3.6 holds (as amended in Remark 3.10 in case N(D) = N(P) 6 = 0).
In particular, we have this conclusion for the square of the Dirac operator. We would now like to dispense with the condition that the leading symbol of D be positive de nite. Suppose that D is an elliptic, formally self-adjoint di erential operator of order`on a vector bundle E over our compact, m-dimensional, boundariless, Riemannian manifold (M; g). In particular, D has discrete real eigenvalue spectrum f k jk 2 Ng; N denoting the natural numbers, where j k j " +1 as k " +1 One would anticipate using results of this type to prove that the determinant is maximized or minimized only in very uniform geometries.
Lorentz and CR invariants
As described in our previous work B 2, Sec. 7] , there is a natural process of analytic continuation in the signature of the metric, under which integrals of local invariants retain some of their metric variational properties.
By way of example, let M be an oriented, compact manifold and g a pseudo-Riemannian metric on M. Denote by P (g) the Pfa an of g, that is, the m-form integrand in the Chern-Gauss-Bonnet Theorem for M. Then Another application of analytic continuation in signature was given in B 2, Theorem 7.5], where the Fe erman bundle construction was used to produce invariants of CR manifolds N, or CR indices. The idea is that the Fe erman bundle carries a natural pseudo-Riemannian conformal structure of some mixed signature (p; q); in the strictly pseudoconvex case, we get the Lorentz signature (m ? 1; 1). Invariants of this conformal structure are invariants of the CR structure of N. But when a Riemannian conformal invariant is the integral of a local formula, analytic continuation in signature produces pseudo-Riemannian conformal invariants in all signatures, and thus CR invariants.
In JL1], it is strongly suggested that conformally invariant objects associated to the The CR heat equation, and the larger subject of heat equations based on sub-elliptic operators, has been the subject of much recent work BGS, FS, JS, Sa, Sta] . In the case of a compact, strictly pseudoconvex CR manifold, for natural di erential operators L with leading term b , one has an asymptotic expansion fully analogous to that in the elliptic case: Tr exp(?tL) t ?n?1
where the U L i are universal local invariants built from the CR structure, which also induces a natural smooth measure. Since the Yamabe operator pushes forward under the projection With the appropriate general parametrix machinery in place, it would be interesting to look for other CR-covariant operators and the CR indices they produce. There are corresponding opportunities in the area of group representations: consider, for example, the group G = SU(n; 1), with symmetric space G=K biholomorphic to the unit ball B in C n . The boundary of B is S 2n?1 = G=P for P a parabolic subgroup of G. G=P is the Cayley transform of the Heisenberg group, and thereby carries a natural CR structure.
Since G acts on G=P by CR transformations, the CR-covariance of L b makes it an intertwining operator for two principal series representations of G. This is a CR analogue of a well-known Riemannian situation: the realization of the sphere S n?1 as the quotient of its conformal group SO(n; 1) by a maximal parabolic. For more general G, we expect di erential operator invariants of G-structure to specialize to intertwining di erential operators acting in natural vector bundles over G=P, P parabolic.
We close this section by stressing the remarkable (and insu ciently exploited) connections among the local invariants generated by (1) the heat semigroup exp(?tD) and its trace for D an elliptic, conformally covariant di erential operator naturally associated to Riemannian geometry; (2) the Green's function for D as given by the Hadamard construction; (3) the hyperbolic version of D, computed in a Lorentz metric; and, at least conjecturally, (4) the sub-elliptic version of D, i.e., the associated CR-covariant operator. One passes from (1) to (2) from (2) to (3) by analytic continuation in signature, and from (3) to (4) by the Fe erman bundle construction. It would be interesting to know whether the information carried by the Schr odinger equation is also essentially the same.
Further results and problems
We conclude this paper with several remarks on topics for further research, all connected with conformal geometry and global invariants. Of course this list is far from complete, but we believe it indicates some of the more important and relevant mathematical and physical directions.
a. Conformal variation of the eigenvalues. Many calculations in the Physics literature start with the assumption that each eigenvalue of a given elliptic operator is a smooth or analytic function of, for example, a metric deformation parameter. Though the situation is really much more complicated than this, these calculations often reveal what \should be true"; showing the way to an \indirect" proof which uses only coarse averages of the eigenvalues like indices (anomalies) and determinants. At the same time, there is evidence that the eigenvalue approach can be made precise in certain problems. Indeed, it is generally believed, and has been established in special cases U], that eigenvalues of elliptic operators (say formally self-adjoint, with positive de nite leading symbol) on SO(m)-or Spin(m)-irreducible bundles are generically simple. Since many of the quantities dealt with in index/anomaly theory are universal expressions, i.e. functors on some category of manifolds with G-structure, the generic case may be all that one needs. In another direction, it is sometimes possible to show that nite \packets" of eigenvalues, like the negative modes of a conformal covariant as mentioned in Remark 3.10, make a trace contribution that is analytic in the relevant deformation parameter. In the following discussion, we shall pretend that all eigenvalues vary smoothly, with the hope that this thinking can eventually be made precise.
Suppose D is as in ( 1.2) v and weight with _ , we get a substantial number, the growth of which is exactly controlled by A, R !K, and . Note that if M is locally at (so that all local scalar invariants vanish), then (v) grows slower than any negative power of v; the eigenvalues of these spaces would thus appear to be especially stable under conformal perturbation (provided our assumptions are compatible with local atness). Of course, we could also treat the case where almost all _ j 0, but the case in which an in nite number of eigenvalues move in each direction seems much more complicated. In either of the \de nite" cases, however, (5.1) implies that there are in nitely many eigenvalues with _ 6 = 0; already this seems to be a conclusion which would otherwise be hard to reach. b. Finite volume indices. There has been much recent interest in index theorems over noncompact Riemannian manifolds with nite volume (see, e.g., Ste]). One would hope that, after technical modi cations, our results would survive in some form in this setting. Consider an elliptic operator D as in (1.2){(1.4), and take the trace of the corresponding heat operator over the discrete spectrum (bound states) of D:
Does this admit an asymptotic expansion for small t as in the compact case, and is the t 0 term a conformal invariant? For the continuous spectrum, one would like to treat the scattering problem and identify the phase of the scattering matrix with an eta invariant, again (conjecturally) a quantity with predictable conformal variational properties. This would be of considerable interest in the study of locally symmetric spaces ?nG=K built from arithmetic subgroups ? of semisimple Lie groups G. where X 0 ; X 1 ; : : : X r are real-analytic vector elds, the commutators of which, up to some xed order, span the tangent space at each point. It would be natural to combine the study of such asymptotic expansions with a study of invariants of sub-Riemannian structure (see Str]). We would conjecture that the constant term in (5.2) is again invariant under the appropriate variation for L covariant in the appropriate sense.
Analogously, the category of complex Hermitian manifolds should be studied from the viewpoint of the conformal variation of operators built from @ and @ , and from the curvature operator on (p; q)-forms Gi3]. Finally, let us mention the category of Toeplitz operators GB], for which many techniques from the theory of pseudo-di erential operators are still available; there are candidates for covariant Toeplitz operators, as well as possible connections to the study of complex projective varieties.
d. Gradients and Dirac operators. In P, B 3], a study was begun of local and global invariants of certain non-elliptic operators already present in Riemannian geometry. Though these operators are not subelliptic, it is possible to get something like heat operator trace asymptotics, and some of the characteristics of the expansion (5.2) (terms in log t) appear. The operators in question are of the form SS , where S is a rst-order conformally covariant di erential operator, and S S is elliptic. For example P], S might be the Ahlfors operator SX = L X g ? 2 m (div X)g carrying vector elds X to trace-free symmetric two-tensors, L X denoting the Lie derivative. The Ahlfors Laplacian S S is elliptic, and its null space (like that of S) consists exactly of the conformal Killing vector elds. The heat semigroup exp(?tS S) provides one-parameter families of quasiconformal transformations with possible applications in rigidity theory P]. In an even more elementary example, S is just the exterior derivative d carrying functions to one-forms. In the general case, one starts with a natural vector bundle E with structure group G = O(m), SO(m), Pin(m), or Spin(m). The covariant derivative r carries sections of E to sections of F = T E, where T is the cotangent bundle. Splitting F into G-irreducible bundles F = F 1 : : : F r with corresponding projections P 1 ; : : : P r , we get the gradients (or Dirac operators if spin structure is involved) P j r : C 1 (E) ! C 1 (F j ). These operators and complexes built from them (see, e.g., GG]) connect very naturally with the conformal geometry of the manifold; in fact, all rst-order conformal covariants arise in this way Fe]. Since the de nition of gradients and Dirac operators is insensitive to the metric signature (the nite-dimensional representation theory of, for example, O(p; q) is \the same" as that of O(p + q)), we have analogues for Lorentz manifolds. We believe that \nonstandard" gradients and Dirac operators (those outside the well-studied deRham and Dirac complexes; even the \third gradient" from the k-forms, the rst two being d and ) deserve more attention in connection with conformal geometry, and with eigenvalue estimates in Riemannian geometry.
e. Pseudoconvex domains in C n . As noted in Sec. 4, there are close connections between the conformal geometry of Lorentz manifolds and the holomorphic structure of strictly pseudoconvex domains in C n . The hope is that the local and global invariant theory of Lorentz conformal geometry, approached from the point of view of the present paper, will have applications to the biholomorphic classi cation problem for such domains BFG]. Speci cally, let K(z; w) be the Bergmann kernel for a strictly pseudoconvex domain C n , and let E(x; y) be the fundamental solution of the conformal wave equation on the Fe erman bundle N = S 1 @ . The asymptotic behavior of K near the diagonal and near the boundary @ contains important information invariantly associated with . The question is: What is the connection between K and E, and between their asymptotic expansions?
f. Conservation laws. In the problem of deciding which smooth functions on a given manifold can occur as the scalar curvature K of some Riemannian metric g, the following fact BE] is important: Proof. Let ! be the conformal factor associated with X, L X g = 2!g, and let fh u juj < "g be the one-parameter group of (possibly local) di eomorphisms generated by X; then h u g = 2 u g g, with (5.6) d u du u=0 = !: We shall again denote the u-derivative at u = 0 by a dot; though it need not be true that u = e u! , only the rst variation (5.6) will enter below. The Riemann curvature tensor for g is just the pullback of that for g Ka]: R = h u R, where R is viewed as a ? 1
we found a corresponding, more general di culty in an earlier approach to (5.5) B 1, Riemann surfaces and the physics of mass zero relativistic particles, and has grown into an active area of mathematical inquiry. One of the most recent successes of this eld is the solution of the Yamabe problem; see the excellent survey paper LP]. Going beyond the above list of research problems with immediate connections to the heat operator, one should mention such exciting topics as the Yamabe problem on noncompact manifolds, the twistor approach to conformal geometry, the classi cation problem for covariant operators on manifolds and the connection to the imbedding problem for generalized Verma modules, the study of positive Ricci curvature in general relativity and the positive mass theorem, and the CR Yamabe problem. A nal recent topic is (back to physics and Riemann surfaces) string theory, which almost by de nition is the study of the conformal geometry of Lorentz surfaces in a high-dimensional Minkowski space, together with the representation theory of the (conformal) Virasoro algebra.
